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Abstract. Thepurposeof this noteis to give a bijective proof of theidentity

E Xj—X)?| =0!-11---nl,
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whereXg, ..., Xy areindependentdentically distributed normalrandomvariableswith mean0
andvariancel. The bijectionis obtainedby combininga bijection of Gesselnda bijection of
Ehrenbog with the interpretatiorthatthe momentsof the normaldistribution countthe number
of matchings.

Keywords normalzero-onerandomvariables Vandermond@roduct,tournamentsmatchings

Theorem 1. LetXy, ..., Xy beindependenidenticallydistributednormalrandomvari-
ableswith mean0 andvariancel. Thenwehave

E Xi —X:)2| =0!-11---nl. 1
RS "

Zvonkin [3] asked for a combinatorialproof of this identity. The purposeof this
noteis to provide sucha proof. Recallthatthe nth momentof a normally distributed
randomvariablewith mean0 andvariancel hasthe combinatoriainterpretatiorasthe
numberof matchingson ann elementset. It is straightforvardto seethatthis number
which we denoteby m(n), is givenby (n—1) - (n—3)---1if nis evenandzeroif nis
odd.

We begin by recallingGesseb bijective proof[2] of the Vandermondédentity

(@-a)= 5 (-0 []a". @

I<i<j<n

wherewe view o asa bijection from {1,2,...,n} to {0, 1,...,n— 1}. Multiplying
out the left-handside of (2), we obtain 2(®) terms. To eachof thesetermsassociate
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atournamenfl ontheverticesl, 2,... ,n in the following manner If we choosethe
terma; from the factor (a; — &), let the tournamentl have the directedarci — j.
Otherwiselet T have thearcin the oppositedirection. Let the sign of thetournament,
denotedby (—1)", be —1 to the numberof arcsthat goesfrom a nodeto a smaller
labelednode.Hencetheleft-handsideof the Vandermondédentity (2) is givenby

=g “

whereT rangesover all tournament®nn elements.

In the summatiorappearingn Equation(3), all the termscorrespondingo intran-
sitive tournamentswill cancel. To seethis, let T be anintransitive tournamentwith a
directed3-cyclei — j — k — i. By reversingthis cycle, we changethe sign of
the tournamenbut not ary of the indegrees.Henceit is enoughto considertransitive
tournaments.Note that a transitive tournamenfT correspond$o a permutationo by
letting o(i) be onemorethanthe indegreeof the nodei. Finally obsere thatthe sign
of the permutatioro is the sameasthe signassociatedo thetournament.

Now considerthe left-handsideof (1) in Theoreml. By expandingthe squareof
theVandermond@roduct,we obtaina sumover pairsof tournamentsThe exponentd;

in amonom|aIXdl Xdz -X& in the expansioris thetotal indegreeat the nodei. The
expectedvalue of thls monomialis m(dy) - m(dy) - --m(dn). Hencethe combinatorial
structureof thetermsin the expansionof the left-handsideof (1) is asfollows. LetW

be(Ti, T2, My,... ,My) whereT; andT, aretournament®nthenodesl, ... ,n andM; is

amatchingon all thearcsarriving atnodei. Finally, let the signof sucha structurew,

thatis, (—1)V, bethe productof the signsof the two tournamentd; andT,.

Thus, Theorem1 claimsthat Sy (—1)" = 0! - 1!-.-nl, whereW rangesover all
suchstructures.We prove this in two steps. First apply the Gesselnvolution to each
tournamenseparatelyHence |t is enoughto considetthetransitive tournamentsvhich
correspondo permutationsThe expressiorthenbecomes

n

3 3T YT [ m) +10) = 3

TroT I—Lm|+n )

n—-1

= -y (=2)7 [ mii+o(0)

= n!-det(m(i + j))oxi, j<n—1-

Herethepermutationgtandt comerespectiely from thetransitve tournamentd; and
T, ando = o1 is a permutatioron the set{0, 1,... ,n— 1}. Thefactorn! is due
to the factthattheresultingsumdoesnot dependon 1. The determinanbbtainedis a
Hankel determinantvith valueO! - 1!--- (n— 1)!. This provesTheoreml. It remainsto
evaluatethedeterminantvith abijection.

In [1] Ehrenbog gives a bijective evaluationof a different Hankel determinant,
namelydet(e.,j(X)), wheree,(x) is the nth exponentialpolynomial. That bijection
workswith partitions. By restrictingthe bijectionto matchingswe obtainthe desired
bijection. For completenessye presenthis bijection. Let Ry, ... ,Ry-1,Co,...,Ch—1
be disjoint setssuchthatthe cardinalityof R, andC; is eachi. Moreover, assumehat
thesetR; possessealinearorder Let Shethedisjointunionof all theR’'sandC’s. A
matchingM of thesetSandapermutatioro arecalledcompatiblef for all pairsP in M
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thereexistsanindex i suchthatP C R UCqj). Thusourdeterminantanbeexpressed

as
det(m(i + j))o<i, j<n-1= Z (-1)°,
(o, M)

wherethe sumrangesover permutationss andcompatiblematchingsM.
For 0 andM compatible definethe crossingnumbes a; to be the numberof pairs
P thatintersectoothR; andCqjy. Obserethata < [R| =i anda; < |Cyy| = 0(i). We

claimthat
n-1

> (-0°=]it
(0,M) =
wherethe sumrangesover permutation® andmatchingdM sothattheir crossinghum-
bersaredistinct. In this casewe have g =i for all indicesi andwe concludethato is

theidentity permutation.Sincetherearei! waysto choosea matchingbetweerR; and
Ci, theclaimfollows.

It remainsto shav thatthereis a signreversinginvolution on the pairsof permuta-
tionsandmatchingghatdo not have distinctcrossingnumbers For sucha pair (o, M),
let (j, k) bethelexicographicallyleastpair suchthata; = ax. Let o’ bethepermutation
o composedvith thetranspositior(j, k). Clearly, (—1)9" = —(—1)°.

Now we construcamatchingM’ compatiblewith o’. Leta=aj = ax. Let{ry, c1},
..-»{ra, Ca} bethe pairsof Rj UCyj) thatintersectboth R; andCy ;). We canorder
thesepairsaccordingto theelementsy,... ,ra. Similarly, let {r}, c}},...,{rs, c;} be
the pairsof R UCyy) intersectingooth R, andCqy. Let M’ be the matchingobtained
from M by replacingthesepairswith

{r17 C’Zl.}7--- 7{r37 da}7 {rg.a Cl}a--- 7{rlaa Ca}'

ObsenrethatM’ is compatiblewith o’.

We claim thatthemap (o, M) — (¢’, M’) is aninvolution. Obsere thatboththe
pairs(c,M) and(ad’, M') have thesamesequencef crossingnumbers Hencethemap,
whenappliedagain,chooseghe sameindicesj andk and switchespairsback. This
provesthatthe mapis aninvolution.
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