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Abstract. Thepurposeof thisnoteis to give a bijective proof of theidentity

E

]
∏

1 ^ i _ j ^ n ` Xj a Xi b 2 c�d 0! e 1! e�e*e n! f
whereX1 f�g*g*g9f Xn areindependentidentically distributednormalrandomvariableswith mean0
andvariance1. Thebijection is obtainedby combininga bijectionof Gesselanda bijectionof
Ehrenborg with theinterpretationthat themomentsof thenormaldistribution countthenumber
of matchings.
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Theorem 1. LetX1 h'i'ijikh Xn beindependentidenticallydistributednormalrandomvari-
ableswith mean0 andvariance1. Thenwehave

E l ∏
1 m i n j m n o Xj p Xi q 2 rts 0! u 1! uju'u n! i (1)

Zvonkin [3] asked for a combinatorialproof of this identity. The purposeof this
noteis to provide sucha proof. Recall that the nth momentof a normallydistributed
randomvariablewith mean0 andvariance1 hasthecombinatorialinterpretationasthe
numberof matchingson ann elementset. It is straightforwardto seethat this number,
which we denoteby mo nq , is givenby o n p 1q u o n p 3q u'uju 1 if n is evenandzeroif n is
odd.

We begin by recallingGessel’sbijectiveproof [2] of theVandermondeidentity

∏
1 m i n j m n o a j p ai q s ∑

σ o p 1q σ u n

∏
i v 1

aσ w i x
i h (2)

wherewe view σ as a bijection from y 1 h 2 hji'i'izh n { to y 0 h 1 hji'i'ikh n p 1 { . Multiplying

out the left-handsideof (2), we obtain2 o n
2 q terms. To eachof thesetermsassociate
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196 R. Ehrenborg

a tournamentT on the vertices1 h 2 h'iji'izh n in the following manner. If we choosethe
term a j from the factor o a j p ai q , let the tournamentT have the directedarc i p�| j.
Otherwise,let T have thearcin theoppositedirection.Let thesignof thetournament,
denotedby o p 1q T , be p 1 to the numberof arcsthat goesfrom a nodeto a smaller
labelednode.Hencetheleft-handsideof theVandermondeidentity (2) is givenby

∏
1 m i n j m n o a j p ai q s ∑

T o p 1q T
n

∏
i v 1

aindeg w i x
i h (3)

whereT rangesoverall tournamentson n elements.
In thesummationappearingin Equation(3), all the termscorrespondingto intran-

sitive tournamentswill cancel.To seethis, let T be an intransitive tournamentwith a
directed3-cycle i p@| j p\| k p\| i. By reversingthis cycle, we changethe sign of
the tournamentbut not any of the indegrees.Henceit is enoughto considertransitive
tournaments.Note that a transitive tournamentT correspondsto a permutationσ by
letting σ o i q beonemorethanthe indegreeof thenodei. Finally observe that thesign
of thepermutationσ is thesameasthesignassociatedto thetournament.

Now considerthe left-handsideof (1) in Theorem1. By expandingthesquareof
theVandermondeproduct,weobtainasumoverpairsof tournaments.Theexponentdi

in a monomialXd1
1 u Xd2

2 u'uju Xdn
n in theexpansionis thetotal indegreeat thenodei. The

expectedvalueof this monomialis mo d1 q u mo d2 q u'uju mo dn q . Hencethe combinatorial
structureof thetermsin theexpansionof theleft-handsideof (1) is asfollows. Let W
be o T1 h T2 h M1 h'iji'i;h Mn q whereT1 andT2 aretournamentsonthenodes1 hji'ijiXh n andMi is
a matchingon all thearcsarriving at nodei. Finally, let thesignof sucha structureW,
thatis, o p 1q W, betheproductof thesignsof thetwo tournamentsT1 andT2.

Thus, Theorem1 claims that ∑W o p 1q W s 0! u 1! u'uju n!, whereW rangesover all
suchstructures.We prove this in two steps.First apply the Gesselinvolution to each
tournamentseparately. Hence,it is enoughto considerthetransitivetournamentswhich
correspondto permutations.Theexpressionthenbecomes

∑
π

∑
τ o p 1q π u o p 1q τ u n

∏
i v 1

mo π o i q~} τ o i qjq s ∑
π

∑
τ o p 1q π � 1 � τ u n � 1

∏
i v 0

mo i } π � 1 o τ o i qjq'qs n! u ∑
σ o p 1q σ u n � 1

∏
i v 0

mo i } σ o i qjqs n! u det o mo i } j q'q 0 m i � j m n � 1 i
Herethepermutationsπ andτ comerespectively from thetransitivetournamentsT1 and
T2, andσ s π � 1 � τ is a permutationon the set y 0 h 1 h'iji'ikh n p 1 { . The factorn! is due
to thefact that theresultingsumdoesnot dependon π. Thedeterminantobtainedis a
Hankel determinantwith value0! u 1! u'uju o n p 1q !. This provesTheorem1. It remainsto
evaluatethedeterminantwith abijection.

In [1] Ehrenborg gives a bijective evaluationof a different Hankel determinant,
namelydet o ei � j o xqjq , whereen o xq is the nth exponentialpolynomial. That bijection
workswith partitions.By restrictingthebijection to matchings,we obtainthedesired
bijection. For completeness,we presentthis bijection. Let R0 h'i'ijikh Rn � 1 h C0 h'iji'ikh Cn � 1
bedisjoint setssuchthat thecardinalityof Ri andCi is eachi. Moreover, assumethat
thesetRi possessesa linearorder. Let Sbethedisjoint unionof all theRi ’s andCi ’s. A
matchingM of thesetSandapermutationσ arecalledcompatibleif for all pairsP in M
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thereexistsanindex i suchthatP � Ri � Cσ w i x . Thusour determinantcanbeexpressed
as

det o mo i } j qjq 0 m i � j m n � 1
s ∑w σ � M x o p 1q σ h

wherethesumrangesoverpermutationsσ andcompatiblematchingsM.
For σ andM compatible,definethecrossingnumbers ai to bethenumberof pairs

P thatintersectbothRi andCσ w i x . Observethatai ��� Ri � s i andai ���Cσ w i x � s σ o i q . We
claim that

∑w σ � M x o p 1q σ s n � 1

∏
i v 0

i! h
wherethesumrangesoverpermutationsσ andmatchingsM sothattheircrossingnum-
bersaredistinct. In this casewe have ai

s i for all indicesi andwe concludethatσ is
theidentity permutation.Sincetherearei! waysto choosea matchingbetweenRi and
Ci , theclaim follows.

It remainsto show thatthereis a signreversinginvolutionon thepairsof permuta-
tionsandmatchingsthatdonothavedistinctcrossingnumbers.For suchapair o σ h M q ,
let o j h kq bethelexicographicallyleastpairsuchthata j

s ak. Let σ � bethepermutation
σ composedwith thetranspositiono j h kq . Clearly, o p 1q σ � s p o p 1q σ.

Now weconstructamatchingM � compatiblewith σ � . Let a s a j
s ak. Let y r1 h c1 { hi'ijikh y ra h ca { be the pairsof Rj � Cσ w j x that intersectboth Rj andCσ w j x . We canorder

thesepairsaccordingto theelementsr1 hji'ijikh ra. Similarly, let y r �1 h c�1 { hji'i'izh y r �a h c�a { be
thepairsof Rk � Cσ w k x intersectingbothRk andCσ w k x . Let M � bethematchingobtained
from M by replacingthesepairswithy r1 h c�1 { h'i'ijikh y ra h c�a { h y r �1 h c1 { hji'i'ikh y r �a h ca { i
ObservethatM � is compatiblewith σ � .

We claim that themap o σ h M q3� p@| o σ � h M � q is aninvolution. Observe thatboththe
pairs o σ h M q and o σ � h M � q havethesamesequenceof crossingnumbers.Hencethemap,
whenappliedagain,choosesthe sameindices j andk andswitchespairsback. This
provesthatthemapis aninvolution.
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